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HIGHER ORDER STATISTICS AND MULTIVARIATE
VECTOR HERMITE POLYNOMIALS FOR NONLINEAR
ANALYSIS OF MULTIDIMENSIONAL TIME SERIES
UDC 519.21

G. TERDIK

ABSTRACT. In this work we show that it is possible to generalize the definitions for
both the cumulants and Hermite polynomials for vector valued variables such that
the expressions remain quite elementary and transparent. We apply a particular dif-
ferential operator recursively to get the appropriate definitions. The basic properties
of the Kronecker cumulants are listed using Kronecker products and commutation
matrices. The most important formulae for multivariate Hermite polynomials with
vector values are proved. The Kronecker cumulants for Gaussian vector system and
Hermite polynomials are given. The definition of multiple Wiener-It6 integral for
vector valued stationary flows and the chaotic representation of stationary subordi-
nated vector processes are also considered.

1. INTRODUCTION

Cumulants, spectra and Hermite polynomials are basic tools for the statistical analysis
of nonlinear time series. The applications of these methods include testing for Gaussianity
and linearity, estimating parameters for non-Gaussian models, [2], [21], [19], [25], [24], [4],
modelling non-Gaussian random fields [16] (for a general treatment of homogeneous and
isotropic random fields see [28]) and so on. Although Brillinger gives the general definition
of cumulants for multiple time series the expressions are usually given in coordinatewise
manner. Recently in applications, [12], [22], there has been some effort done for using
vector notation. The theory of Hermite polynomials has some long history starting from
the beginning of the last century, see [23] and references therein, up to nowadays, [27],
[11], [26], [3] for instance. The generalizations of Hermite polynomials have reached the
cases of multiple scalar valued and of single d-variate vector valued case, [8]. There are
further results of this last one for abstract spaces [10], [7] as well.

In this work we show that it is possible to generalize the definitions of both the
cumulants and Hermite polynomials for vector valued variables (with not necessarily
same dimensions) such that the expressions remain quite elementary and transparent.
The idea is that keeping the methods given in the book [15] in mind we apply a particular
differential operator recursively to get the appropriate definitions. We list the basic
properties of the Kronecker cumulants in terms of matrix notations using extensively
the well known results concerning to the Kronecker products and commutation matrices,
see [13] for details. The most important formulae for multivariate Hermite polynomials
with vector values are proved. We spare some space listing the Kronecker cumulants
for Gaussian vector system and Hermite polynomials without proof. Finally we give
the definition of multiple Wiener—It6 integral for vector valued stationary flows in the
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space of £2 functionals of stationary Gaussian processes. The chaotic representation of
stationary subordinated vector processes are also considered.

2. KRONECKER CUMULANTS

2.1. Kronecker moments. Suppose that the vector X is partitioned into two parts
X = [X], X)) with dimensions [d, d2] which are not necessary same. The characteristic
function of X is written

px(A) = XX, (A1, A0) = Eexp(i[(Ay, X;) + (A9, X5)])

0 jk+
Z W E(Alall)k(éwlm)l
k,l=0
0 jE+
> —— E(XPF e X (AFF @ AT,

K
k,l=0

where ) is partitioned according to X into two parts A’ = [A], \;] and
n
A X) =D NX;.
i=1

Now the operator D§12/\2 = Di Df\?l, see Appendix B, results on ¢

(—0°D§2, o, x, (A1 o) = E(X,; ® X,).
A1 A(1:2)=0
Therefore the following definition is a generalization of the scalar valued case, assuming
the appropriate differentiability of ¢. Suppose X ., = [X],X5,..., X, ], ie., the
vector X is partitioned with dimensions [dy,da, ..., d,]. The definition of the Kronecker
moment is

N
EX, X, -®X,) = E]._.[j:1£j

— ; ®
= ("D o, P, O de o M)

Note here that the order in the product and the derivative are important, the Kronecker
moment is not symmetric if the variables X, X,,...,X,, are different.

2.2. Definition of Kronecker cumulants. Consider the first order derivatives at zero
of the logarithm of the characteristic function of X = (X1, X»,..., X,,)’, i.e.,

(_i)n 0" In @é(é)

= Cum, (X)
1, nA==/s
oA A(1:n)=0

where 1) denotes a row vector having all ones in its coordinates, i.e., 1j,) = (1,1,...,1)
with dimension n. The cumulantCum,, (X) is defined as the the first order, by each of its
variable, derivative at zero of In ¢ x This definition is correct even some components of X
were the same. That formula allows us to act as if all the components of the vector X
were different so it is satisfactory to define the cumulant for different variables only. The
entries of X are scalar variables.
Now consider
X(l:n) = (Xla&m s 7£n)7

as a series of vectors with dimensions d(1.,) = (di,d2,...,dy,). The corresponding char-
acteristic function is

@X(l:n) (A(ln)) = SDVGCX(l:n) (Vec A(ln)) = EeXP(i(VeC A(l:n); Vec X(l:n)));
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where A(1.,) = (A1,Ay,...,2,) is a corresponding series of vectors with dimensions
d(1:ny = (di,da,...,dy,), see Appendix A for the definition of Vec operator. The the
logarithm of the characteristic function @vec X(M)(Vec A(t:ny) Will be called cumulant
function, i.e.,
(ZSVecX(lm) (Vec A(ln)) =1In PVee X (1.n) (Vec A(ln))

There will be no confusion if we omit the Vec operator and use ¢x .., (Aq:n)) for
PVec X1y (VeC A(1.,y). The first order derivative by each vector variable at zero of the
cumulant function ¢x ., (A(1:n)) according to A(1.,) is defined as cumulant of X(i.p,).
More precisely apply the operator D?ﬁm)(b = Di@n (D?ﬁ;:)qb), recursively and the re-
sult is a column vector of the partial differentials of order n, which is first order by each
variable A;. The dimension of Dg?gm) is di[;;] = [[j=1d;. Now the definition of the nth
order cumulant of vectors Xq.y,) is

Cu—mn(X(ln)) = (77:)"D§Zm) d)X(lm)()\(l:n)) (]-)

A(1:n)=0

Therefore Cum,, (X(1.,,)) is a vector of dimension di[;;] having all possible cumulants of
entries of vectors X, X,,...,X,, by the order defined by the Kronecker product.

Example 1. The cumulant function of X 2 is
1w ! U
v 1) = 1+ ) = 5| 2 | Gy 2]

where the covariance matrix C(x; x;) is partitioned as

C _|Ciqa Cipa
(X5.X5)" = Con Cop|’

and the gratic form is written by

i
U U
=Z1 Y1 Y / / ’
[u ] C(g’l,gé)' [u } = w1 Cru; +u1Chouy + uyCr 1y + u5Co 2u,.
o =2

Now the first order cumulant is

—Cuml(X ) =K,

24 £

and it is clear that any higher order cumulant then 2 is zero. It is easy to see that the
second order cumulants are the vectors of the covariance matrices, i.e.,

Cum, (X, X,;) = VecCrj,  j. k=12

In general by formula (1) we obtain
Cum, (X,) = EX,, t=12

and
Cll_fm(ﬁtlaﬁtz) = E[(Ktl - Egtl) ® (KQ — EKQ)}
= Vec@(&tyitl)’ t1,to = 1,2,

where Cov(X, , X, ) denotes the covariance matrix of the vectors X, and X, .
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2.2.1. Basic properties. Suppose for simplicity that dimensions of X;, X,,..., X, are
same, say d.

1. Symmetry. If d > 1 then the cumulants are not symmetric but fulfils the equation

Cum,, (X (1:m)) = K1) (dpn)) Cum,, (Xp1:m))

where
p(1:n) = (p(1),p(2),...,p(n)), p € Pu, di) = (d,d, ..., d),
N—————’

and Ky(1:0)(dy)) is the permutation matrix see (26).
2. Multilinearity.
e For any constant matrices A and B

Cu—mn+1 (AX1 + BZ27 X(ln)) = (A o2 Id")cu—mn+1 (Xl; X(ln))
+ (B & Id”)cu_mn.H (Zm X(l:n))a

assuming that the appropriate matrix operations exist.
e For any constant vectors a and b

_Cumn.H (a @Y, + b® Y,, X(l:n)) =a® _Cumn.H (Zp X(l:n))
+b® Cll_mn+1 (X2; X(l:n))a
assuming that the appropriate vector addition exist.
3. Independence. If X(;.y) is independent of Y{1.,,), where n,m > 0, then
Cu_mn+m (X(l:n)7 Yv(l:m)) =0.
In particular if the dimensions are same then

4. Gaussianity. The random vector X(i.,) is Gaussian if and only if for all subset
k(1:m) of (1:n)
Cu_mm(Xk(l:m)) =0, m > 2.
5. Expression of the cumulant via moments. The expectation operator E defined for
vector or matrices acting by element wise, for example E(X;, X») = (E X3, E X5).
Now the formula is

Cum, (X (1) = 3 (=1)™ " (m — 1)!

) (3)
x Y Kp(lﬁ)(d(lm))H;@:LmEerbj X

where the second summation is taken over all possible ordered partition £ € P(1.n)
with |£] = m, see section A.1 for more details.

Example 2. Note that the permutations are depending on the ordered partitions there-
fore we use also the notation p(£). Now we apply (3):
Cumg(X(1:3)) = E(X; ® Xy, ® X3) —EX,; ® E(X, ® X3)
- Kp_;ﬂ(dlﬁ) EX, ®E(X, ® X3) —E(X; ® X,) ® EX;

+2EX, ®EX, ®EX,

&
- EHi=1:3(Xi - EX)).
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The third term of the right hand side may be replaced by the formula

K1

pon (di:3) EXy @ B(X, © X) = B(X; @ EX, @ X).

The first three cumulants equal the central moments but this is not true for higher order
cumulants. One might easily check this for the case of cumulants of order four.

6. Expression of the moment via cumulants. We consider the moment E X 2175’;1

as the general case because the moment EY(® (1)’") can be put into the form
EX(lm) , where

Xy = Yap oo Yo )=V Y YY),

k1 km,
i.e., the same elements in the product Y(1 W(Ll) ™ are treated as they were different.
1,
EX ) = Z K,y (daim) H , , Cum, (Xp,), (4)
LEP(1:n)
where the summation is over all ordered partitions £ = {by, ba,...,b;} of (1 : n).

Example 3. An example of the use of the formula (4) can be seen when n = 3,

Exffl?j;] = Cum, (X 5)) + Cum, (X;) ® Cum, (X,, X;)
+ Km 1 (di:3)Cum, (X,) ® Cumy(X,, X;3) + Cum, (X, X,) ® Cum, (X;)
+ Cum, (X ;) ® Cum, (X,) ® Cum, (X3),

Now in particular

EX® = Cum,(X, X, X)
+ (I +K,," (dg) + K,,' (d°,d)) Cum, (X) ® Cum, (X, X) + Cum, (X)®°.

7. Expression of the cumulant of products via products of cumulants.Let X denote
the vector of entries taken by the partition K, i.e., if £ = {by, b, ..., by}, then
Xic = ([1% Xb,, [I® Xbs, -, [I® Xb,,). The order of the elements of the subsets
b € K and the order of the subsets in K are fixed. Now the cumulant of the
products can be expressed by the cumulants of the individual set of variables
Xp=(X;,j€b),be L, such that CUL = O, i.e., the partitions £ and K" are
indecomposable,

Cu—mk ((H® Xb17H® Xb27 cee 7]:[® Xbm))
Z K;&:) (d1:m)) erc Cum,p, (Xb),

KuL=0

where X3 denotes the set of vectors containing the items X, s € b.
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3. VECTOR HERMITE POLYNOMIALS OF SEVERAL VARIABLES

Classical Hermite polynomials H,(z) of degree n and with a positive leading coeffi-
cient were originally defined by the following conditions
400 1 )
3 Hn(m)Hm(:E)\/—2_7T exp (f:c /2) dz =n!6n—my, n,m=0,1,2,...,

see [17]. These polynomials form a closed orthogonal system in the Hilbert space

£2 = g2 (R,B7 \/%7 exp (—302/2) dm) ,
see [23]. The generalization of this fact is the following. Let X = {X;,t € T} be a
Gaussian system, put £2(X) as the Hilbert space of all random variables depending
on X. Tt is known that there exist a closed orthogonal system, the elements of which are
polynomials in X;, in £2(X), see Ibragimov and Rosanov [9, p. 27].

Consider a Gaussian system X = {X, e R%*,t =1,2,... } withEX, =0,t=1,2,...,
and put Cj ;, = g(&wik) = EXjX;, i.e., Cjx is the covariance matrix of X ; and X .

Put
n 1 &
w(X(lzn)a a(l:n)) = exp (Z Q%Xk - 5 Z Q;gck7jgj> .

k=1 k,j=1

Definition 4. H, = 1, for m > 1 the mth order Hermite polynomial of the set X.,) =
(X,,X,,...,X,) of Gaussian system is defined by the equation

L)

H, (X)) = DG (X (1), @(1:m)) (6)

a(1:n)=0

In particular we have H, (X,) = X, Hy(X,, X;) = X;, ® X; — Vec(Cj ), ... . The
vector H,, is with dimension Hd(l:m) and we shall see that all entries are Hermite
polynomials of order m. H,, is not symmetric as a function of vectors but the entries
are symmetric as the function of scalars. The generating function (X (1.n), @(1:n)) can
be rewritten

where Y (1,,,) is an independent copy of X(1:n)-

Lemma 5. The above conditional expectation implies

L. The mth order Hermite polynomial of X (1.,) has the representation
® .
ﬂm(X(lm)) =E |:]:[k=1:m(ik + sz)‘ X(ln)i|

® .
:EII (gk‘i'ZXk;)‘ )
k=1:m X(l:n):X(l:n)

where Y (1.,,) is an independent copy of X(1:n)-
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2. If X(1:x) and X (x41:0) are statistically independent then
H, (X (1:m) = Hi(X1k) © Hyy (X (k1))
3. It is not symmetric in general, instead it fulfils the equation
H, (X(1:m) = Ky (A1) Hoy (Xp(1:m)) 8)
for any permutation p € P,.

Proposition 6. The following recursion rule defines the Hermite polynomials

L4 ﬂ():]‘? ﬂl(i)zi’
o Ifn>1

ﬂn(X(ln)) = ﬂn—l()((lznfl)) ® Xn

n—1

o Z Kpi(vlt,j)ﬂu,z) (d(ln)) (9)

Jj=1
x [Cum,(X,,, X)®H, , (X(1:j-1,j41:0-1)) ]

where the permutation p(, j)—(1,2) is putting the nth element to the first and jth
to the second place keep the others being unchanged, more precisely

1 _ -1
KP(W,,j)A»(l,Q) (d(lm)) - (Kpj+1a2 (d"’ d(l:n_l))Kpnﬂl (d(lzn)))
= Kpinlal (d(lzn))Kpiji1%2 (d’rH d(l:nfl)) .
If j =1, then the variable X, is missing from H, _,, i.e., it is H, »(X(2:n-1))-
Proof. Indeed, it is easy to see that

DE™ ! (X (1), 1)) = U (X (1), @(1:0)) Lin—1 (X (1:m-1) @(1:m) )

Q(1:m—1)

where the vector polynomial Ly, 1(X(1:m—1),@(1:n)) is with dimension []d(1.mm—1) and
by the formula (6)

Ly, (X(l:m—l) ) a(l:n)) |a(1:n):0 =H,, (X(I:m—l))
one can express it as

L, (X(lszl)a a(l:n)) = 1/171 (X(lzn); a(1:n))D§(T;i1)1/)(X(1:n), a(l:n))

_ 1
=1 ! (X(lszl);a(lszl)) exp 5 jzgil [Q%Ck,jgj + Q;‘Cj,kgk]
k=m:n

1
x DE™ (X (1m—1), G(1:m—1)) €XP —3 > [1Crja; + aCjkay]

A(1:m—1)
jil:m—l
=m:n
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Differentiate it and obtain

Dfm L1 (X (1:m—-1) @(1:n))

a(1:n)=0
= KP: (diim) DS?(T 11) w(X(limfl)’a(limfl)) - Z Cm. ¢
j=lm—1 a(1:)=0
7Kp_1ﬂm(d1'm)
Z Pyilﬂz dm; dl:mfl) [VeC(Cj,m) ® ﬂm*2 (X(1:j717j+1:m71))]
j=1lm-—1
Now by the definition
ﬂm (X(lm)) = D?{fm) (X(lzn);a(lzn))‘a(l: }=0
m—1
(D Dg(l m— 1))w(X(1:n)’ a(li’ﬂ)) a(l:n):()
= (De,, ¥ (Xam agem) It (Xemny, aqem))|
=H, (X(l'm 1) ® Xy = Ky L (i)
Z inlﬂz dm, dl:m—l) [Vec(cj,m) Q@H,, , (X(l:j_11j+1:m_1))] :

j=1l:m—1

Remember that Vec(Cj,) = Cum,(X,,X;) = EX,, ® X;, hence the result of the
Lemma. 0O

Note that the Hermite polynomials depend on the covariance structure of the under-
lying Gaussian system. The list of the first 5 polynomials follows:

Hy =1, H,(X,) =X,
Hy(X1:2)) =X, © X, — Kp_2 (di2) VecCrp = X ® Xy — VecCy
Hy(X:3) =X, @ Xy ® Xy — Vee(Ca 1) ® X3 — Kp3 (d1:3)[Vec C1 3 ® X]
— X, ® VecCs 2,
H (X)) =X, 0 X, @ X3 ® X, —VecCs) @ X3 ® X,
- Kp; (d1:4)[VecCr 3 ® Xy @ Xy] — X ® Vee(Cz2) ® X,
- K,;1 (di:4)[VecC1 4 ® Xy ® X3 — VecCy 4 @ Vec Cs o]
Kp_(4 oo (d1:a)[Vec Co g ® Xy ® Xy — Vec Oz 4 @ Vec Cs 1
— X, ®X,®VecCy 3+ VecCs 1 @ Vec Cy 3.

We note that Kp(i (1) (d1:4) VecC34 0 X, 0 X, =X, @ X, ® Vec Cy 3.

Proposition 7. Further properties of Hermite polynomials:

1. ngﬁn(X(l:n)) = (Kp_JL (d(lzn))®ldj)Vec(ﬂlnq(X(Lj—LjH:n))®Idj)- In par-
ticular, suppose that all X; = X, then

n

DYH,(Xmy) = | K, " (dm) ® Ia| Vec [H), (X (1:m-1)) @ 1a] .

j=1

2. Multilinearity. If {X, Z, X(l:n)} is a Gaussian system and
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e A and B are appropriate real matrices, then
H, . (AY + BZ, X)) = (A® Ign)H, (Y, X(1m))
+(B®@Ig)H,  (Z, X (1)) -
e a and b are real vectors:
H, 1 (@a®Y +b®Z X))
=a@H, .y (Y. X)) +b@ Hypy (Z, X))
o If Y = (41X, AX,,..., A, X)), then

1, (Yo) = (I, A) Ho (Xam).

Proof.
1. It follows from the formulae (9) and (8) that

’
B )
D% H, (X(1:n)) = Vec ([Kmin (deiny) (Hpoy (X(1:5-1,j51:m)) @ L-)} W)
-7

A
x Vec (K_l (d(lzn)) [ﬂnfl (X(1:j—1,j+1:n)) b2 Idj]>

Pion

= (KoL (@) @ T, ) Veo (-, (Xjo101m) € 1a,) -

Pion

2. These statements follow from the property (7). O

Example 8. For instance as K !, (1,d)) = I we obtain
H, (a'X, b X,) = (a'®V)H, (X;,X,).
Now
(o' @b )H, (K;wij) =(a' ®b) [Kk ®X; - Vec(@(ij,ik))] = H, (alik, bl&j) .
Therefore
H,(a'X,.b'X,) = H (a/X,,b'X,),
i.e., the definition of vector H, is compatible to the definition of Hs.

The (7) implies also that
H, (X(lzjfl);a ®Xj,X(j+1,n)) =K,' (dlzjflam;dj:n) [a ®H, (X(lzn))] )

Pi—1

where a € R™.
Proposition 9. Suppose that X = {X,,t € T} is a Gaussian system. If
Xty = (X X X )

Dy Loy Ly
is a finite subset of X, then
E[ﬂn(Xt(l:n))| X] = ﬂn (E(ltl ‘ X)’ E(th‘ X)’ Tt E(th| X)) '

Proof. The proof follows from the orthogonality of Hermite polynomials of different or-
ders and the second order cumulant of same orders, see (10). O

As X, = X, t =1,2,..., is a Gaussian system therefore the above definitions are
generalizations of those given in [24]. The Hermite polynomials depend strongly on the
covariance structure of the Gaussian variables under consideration therefore we shall
often put Gaussian variables as the variables of the polynomials to make this fact clear.
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4. MOMENTS AND CUMULANTS FOR (GAUSSIAN SYSTEMS

4.1. Moments of Gaussian systems. Let us consider the higher order moments for
a Gaussian system X = {X,,t € T} with EX, = 0 and covariance C; = Cov(X,, X,),
where T C Z = {0,+1,+2,...}. We have seen that if n is even, then

- ®
EX, 0X,® - 0X,) = Z KP(}CH) (daimy) H(j k)eKT Vee G

Ko eP(‘IM)

where the summation is taken over all the possible partitions KT of 77211: )’ the partitions

into pairs of the set (1 : n) = (1,2,...,n). The first order moments of the Hermite
polynomials are zero by the construction, the second order ones are

E [ﬂn (Xt(l:n)) ® ﬂm (X‘s(l:m))}

_ —1 ® ’ (10)
X = Ofn=m} Z Kq(lm,p(lm)) (dt(lm) ’ ds(lm)) ijl: Vec CtJ,Spu)’
n!

where £(1.,) = (t1,%2,...,tn), S(1:m) = (51,51,...,5m) and the summation is taken for
all the permutationsq(1 : n,p(1 : n)) € P(1.2n) defined by the following way. For each
p(1:n) € P fixed, q(2k+1) =k, k=1,...,n,and q(2k) =n+p(k), k=1,...,n
For example if n = 3 and p = (3,2,1) then q(1 : 3,p) = (1,6,2,5,3,4), i.e., for the

indices t;, sp(;), j = 1,2, 3, stand t1, s3, t2, sot3, s1. The summation in (10) is taken for
the indices (sy(1), Sp(2) - - -, Sp(n)) While the order of (t1,t2,...,t,) is fixed. In particular

ZK lnpln (d 71]’ )

X,). Next take a partition £ = (L1, Lo, ..., Lp) of (1:n)

E[H,(X,)® H,(X Vec(Cy ,)®",

where H,,(X,) = H,,(X

PRI

n
with |L;| = nj, i.e., the number of indices in the set L; is n;. Then

® ® ,

Eszl:pﬂnj (XLJ) = Z p(;cn)(dLl p)H(tj,tk)eICH Vec Ctj,tk’
(£,K")

{’CH without loop }

where the summation is taken over all diagrams (£, K!) without loops, see [15], [24]

o
for more details. If the set {ICH ‘ (LKD) } is empty, the expectation is zero. In
without loop

particular if p = 2, i.e., £L = (L1, L»), then the diagram (£, K') without loop corresponds
to a partition KT containing pairs (l1,l2) such that [ € L; and lo € Ly. One can reach
all such types of partitions by fixing the first entries and permuting the second ones.

4.2. Cumulants for Hermite polynomials. We have seen in (5) that in general

Cum,(X,)= Y Ky HE Cumyp, (X5). (11)

LUK=0

Now because of the Gaussianity of the system all the cumulants are zero on the right
hand side of (11) except for the second order ones. Therefore the summation is taken
only for K € Pgllm). The assumption £ U K" = O is equivalent to the assumption that

the graph (£,K!) is closed. We have thus the formula

_ ®
Cum,, (X ) = > oK, (icm (dicn) 11 VecCy ;. (12)

(tist;)EXT
cn | (£.6T)
closed
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Take again a partition £ = (b1, bs,...,b,) of (1 :n) such that |b;| = n;, then

(ju—mp (ﬁnl (Kb1)7 H (Kb2)7 tet ’ﬂnp (Kbp))

==no

®
_ —1
- Z KP(’CH)(dbl:p)H(tk,tj)elcn Vec Ctjtka (].3)
{ICH (£,K") closed,

without loop
where the summation is over all closed diagrams (£, KT) without loops, see [15] for more
details.
Suppose that all the variables below in the examples of this subsection are jointly
Gaussian. The following equations will be useful for calculating higher order spectra for
particular processes.

Example 10. For k =2

Cum, (H,(X), Hy(X)) = EH,[X]®? = (K’1 (dig) + Kt (digy)) (Vec 0)®2.

——a N/ s = P23 P24

where p; = (2,3,4,5,6,1),
Ps = (275a376a47 ]-)7 Ps = (

2

N
\.OT
~
o

5. STATIONARY PROCESSES AND SPECTRA

A vector valued stochastic process X,, t € Z, is called stationary if the expectation
E X, and the matrix covariance function

@(Kwsait) = E(XtJrs - EKHS)(K:& -EX,)

are invariant under time shift, i.e., EX, = EX,, Cov(X,,,,X;) = Cov(X,,X,). Let a
stationary stochastic process X, with EX, = 0 and Cov(X,, X, ;) = C(s), be given. It
is well known fact that one has the representation of the covariance function as

C(s) = /0 1 7 B (dw),

and the process X, has Cramér representation as

1
Kt:/ ei2wtww(dw),
0

for some matrix spectral measure ®(dw) and vector stochastic spectral measure W (dw).
These spectral measures are connected by the relationship

EW (dw) W*(dw) = @ (dw),
where *denotes the transpose and conjugate, i.e. W*(dw) = W'(—dw). The spectral
measure P(dw) is defined on the Borel sets of the real line. It is periodic, ®(dw + 1) =
®(dw), and symmetric about zero, #(—dw) = &'(dw). If X, is Gaussian, W (dw) is
complex Gaussian, see [18], [2] for details.
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5.1. Kronecker spectra. Suppose we have a stationary Gaussian stochastic process
which is stationary and has all the higher order moments; then a large class of processes
transformed from this process retain these properties. If a strictly stationary processX,
has third order moments, then not only the covariances Cum, (X, ,X;) = c(s) are
invariant with respect to the time-shift but the third order cumulants

Cumy, (Xt+r’ Xits X,) = c3(rys)
as well.

Definition 11. A stationary process X, will be called stationary of kth order if all the
cumulants exist up to kth order and are invariant with respect to the time shift, i.e., for
allt e T,m=1,2,...k, and t(1.m), t; €T,

Cum,, (Xﬂ[mﬁt(l:m)) = Cum,, (Xtu:m)) :

For a stationary process of kth order the cumulants of mth (m < k) order depend on
m — 1 variables only

Cu—mm (Xt(l:m)) = Cu—mm (KO7 Xt(lz.,”,l)—tm:l[m]) .

In particular the expectation is constant and the covariance depends only on the modulus
of the difference of the time points

CllJ2(Kt)Kt+s) = (5s201+5s<0K_1 (d[2])) CU_HQ(K(NKM)-

P21

Notice the difference between the covariance Cov(X,, , X;) and Cum, (X, ., X,), i.e.,
Cum, (X, Xy ) = Vec[Cov (X, ,, X;)']-

Assumption 12. Besides the stationarity of kth order, we shall assume in the sequel
that EX, =0 and

oo

Z ch—mk‘(KO7Xt(1:k—1))H < 00, (14)
iz

where ||+|| denotes the Euclidean norm of a vector.

Assumption (14) implies that the Fourier transform of the cumulants exists is bounded
and uniformly continuous. It will be convenient to use the notations z = €™ and

zr = €27k guch that
~t. ,
z(lzl(cl)'k) = exp {—227'(' g tjwj} .

Definition 13. When it exists the Fourier transform
> t
Sy (wak-ny) = >, Cumy (Xo, X)) 20y s (15)

tj=—o00,
Jj=1,2,...k—1

of the cumulant of a kth order stationary process X, is called a kth order Kronecker
cumulant spectrum (or simply just a kth order spectrum).

In particular, the second order Kronecker spectrum is usually simply called a spectrum;
it is the spectral density of the process because under assumption (14) the spectral
measure Vec ®(dw) of the process is absolute continuous with respect to the Lebesgue
measure and S, is the corresponding Radon—Nikodym derivative of Vec ®'.
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Note here that the kth order Kronecker cumulant spectrum is not symmetric function
of k — 1 variables and the place of X, in the Cum,, is fixed. Consider a linear filter of
the form

S
Xt: Z Amit_ma

m=—oo
such that along with the process X, the process Y, is kth order stationary also. When
it exists define the transfer function of this linear operator by

A(Z): Z Apz™™,

m=—0o0

then the spectrum S, y of Y, is given by

S,y (2) = [Az™1) ® A(2)] 8, x (2)-

In particular, when the X, is independent and identically distributed (i.i.d.) all spectra
of the process X, are constant and they are Cum, (Xo,,). So the kth order spectrum of
a linear process has the form

®
Siy (zawn) = [AG) @ [T Alzn)] Camy (Xoy,). (16)
where z;, = zl_;[f; Y. The higher order spectra can be obtained from the stochastic
spectral measure W (dw) of the independent series X, by the following way, see [2]. Let
S;.(2(1:k—1)) be the kth order Kronecker spectra of X, then

Cumy, (W (dwy), W(dws), ..., W (dwy)) = 0 (Zk = z;;ﬁ”) Si(2(1:x)) dw(1:k) s

where 41 is the Dirac comb. If one permutes the variables of Cum,, the permutation goes
on the spectra as well and because of the presence of the Dirac comb we get

Sy(21) = 01 (22 = 2, ) KL, (dpa)) Sa(22,21)

and therefore
Sy(2) = K,,' L (digy) S (71,

P21
i.e., the spectrum still can be considered on the interval [0,1/2]. We shall frequently
consider the third order spectrum S5 called the bispectrum as well, [1]. The bispectrum
is generally complex valued. It has the following properties of symmetry,

Ss (20:2)) = 01 (21,2223 = 21 2y ') K (digp) S3(2p, 0 19) = KL, (digg) S5(22021)
=K, , (dg) Ss(z1,23) = K., , (dz) Ss(z3,21) = K., | (dj3)) Ss(z3, 22)

p3—2 p3,1,2 p3,2,1
_ -/ —1 .
= Kp;g’l (d[3]) S3(22,23) = S3 (2(1:2[51) = S3(21 + k, 22 +J),
kj=1,2,....

These equations imply that there are twelve triangles of frequencies in the plane, each
of which can be considered as the basic domain for the bispectrum. It is completely
specified over the entire plane if it is determined over any one of the twelve triangles.
We take the triangle with vertices (0,0), (1/2,0), (1/3,1/3) as the basic domain for the
bispectrum.

Let the process X, be centered, therefore its third order cumulants are

Cum(k,)) =EX, ® X,,, @ X,;, k1=01,2,...
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The bispectrum according to the cumulants Cum(k, ) is defined by

oo oo

3(21, 22) Z Z Cumkzl,z1 22 .

k=—oc0 l=—0

Put

oo

§§(21,22) = ZZ Cum(k +1, l) (k+l)z2_l7 SX X®2 Z Zl la

k=1 l=1 I=—o00

then we have a reasonable simple form for calculation in particular cases
Sy(z1,22) = D Ky (d) S5 (29 2p@) + D Ko (dizg) Sx xo2 (21) —2Cum(0, 0),
peEP; k=1:3

where p(1:3) = (p(1),p(2),p(3)), p € P3, 21 = 2, '2; 'and Ky, , is the identity.

6. THE MULTIPLE WIENER-ITO INTEGRAL

A basic tool of investigations of nonlinear problems of time series analysis is the
multiple Wiener—It6 integral, we refer to [20], [5], [6], [14] for details.

Let us define L_g, the real Hilbert space of complex valued functions defined on R",
according to a spectral measure ® by the following;:

o folwi,wa,...,wn) = fu(—w1, —wa,...,—wy),
e f, is periodic with mod (1) in each variable:

fn(wlaw%"'awk:l:]-a"'awn) :fn(wlaw2a"'7wka"'7wn)a
k=1,2,...,n

e Now suppose that ®(dw) is a matrix spectral measure ®(dw) according to the
vector stochastic spectral measure W (dw) with dimension d, and [/, denotes a

vector with dimension d", such that each entry is from Lg, moreover
- ®
205 = [ Leam e L@ TL,,, Veedidon) < oo

The subspace ié consists of those functions in which are symmetric, i.e.,

e For every function f there corresponds an z; (symmetrized) version of f ,

defined by
}Z(wl,wQ, ooy wp) = symy fr(wi,wa, ... wh)
|
== D Ko (dn) f (€p1): Wp(2) -+ @) -
PeB,

summation is for all p € ,,, where ,, denotes the set of all permutations of the
numbers (1:n) = (1,2,...,n).

For each fixed n we shall define the stochastic integral, as a linear bounded (con-
tinuous) map from the Hilbert space @ into the Hilbert space of Lo-functionals of a
stationary Gaussian process X,. Lo-functionals of a process X, are those random vari-
ables which are measurable with respect to the o-algebra generated by the process X,
and have a finite variance.
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6.1. The multiple Wiener—It6 integral of second order. If n = 1, then the
stochastic integral for g € L}g is given by the formula

I,(g) = / g/ (@) W(dw).

I;(g) is a real Gaussian variable and belongs to the Hilbert space L?(X) defined by all

linear combination of X;. Actually, I;(-) is an isometry from g into L?(X), i.e.,

lg@)[[; = / 9(@) ® ¢' ()] Vee(@(dw)) = || 11(9)]|* < oo.

5

The linear transformation according to g(w) can be derived directly. Consideration now
turns to the case n = 2. Let a Gaussian stochastic spectral measure W with spectral
measure @ be given. In the space, L2 the subspace of all finite linear combination of

functions
{Qm(wl) © 91,0 (W2), 913094, € Lé}

is dense, i.e., every function 9, (wi,ws) € g can be approximated in Ls norm by some
linear combination of the functions of this type. Therefore it is enough to define the
stochastic integral for a linear combination of the functions of the type g , (w1)®g, (w2).
In other words the integral

K,M
Iz( > akmﬁlk%m)

k,m=1

is defined by

KM
I, ( Z armgik(wi) ® glm(w2)>
k,m=1

(17)
_ % trom H, ( / () W(de), / (@) m(dw)) 7

k,m=1

where H, denotes the Hermite polynomial of second order. Note that it would be enough
to define the integral above on the set of all finite linear combination of functions As
we have seen, the Hermite polynomial H, is bilinear, see Proposition 7, showing how
the integral I, follows for the linear combinations as well. Notice further that H, is
symmetrical, therefore by definition (17)

I (211(w1) ®212(w2)) =1 (Kp2ﬂ1 [211(w2) ®212(w1)}) =1 (Symp (gu(wl) ® g12(w2)))'

Now we consider a particular permutation (1 : n,p(1 : n)) € Po, of the numbers
(1:2n). The permutation q(1 : n,p(1: n)) € Pa,is defined by the following way. For
each p(1:n) € P, fixed, q2k—1) =k, k=1,...,n,and q(2k) =n+p(k), k=1,...,n,
ie,q(l:n,p(l:n))=(1,p(1)+n,2,p(2)+n,...,n,p(n)+n). For example, if n = 3 and
p=(3,2,1), then q(1: 3,p) = (1,6,2,5,3,4). The permutation q(1 : n,p(1 : n)) might
be reached in two steps, first take the permutation (1: n,p(1 : n) +n) € Pa,, then apply
the permutation (1,1 +n,2,2+n,...,n,2n), actually that last one has been defined as
q(1:n,(1:n)). The product of these two permutations gives q(1 : n,p(1 : n)), i.e.,

q(l:n,p(1:n))=(1,14+n,2,2+mn,...,n,2n) X (L :n,p(1:n) +n). (18)
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The integral I has zero mean by the definition (17) and the variance of the integral
follows from (19)

Els(g,, ®g,,)Ta(f,, @ f),)
= /[0,1]4 (gll(wl) ® 212(w2) ® ill()\l)i12(>‘2))

x Cum, (Hy |W(dor). W(dan) | Hy[W(dA). W(d22)])

(19)
N [51(w1 + A1) (w2 + >\2)K;&:2’(1;2))(§2(wl) ® 95 (w2))

+ (51 (wl + )\2)51 (wg + Al)Kq_(i:2,(2,1)) (§2 (wl) (9 §2 (WQ)):| dwl de d)\l)\g
/
=2 [ @ a1 o0 )
X K;(i:2,(1:2))[§2 (wl) (9 §2 (LUQ)] dwi dws,

where we considered that q(1:2,(2,1)) = (1,4,2,3) = (1, 3,2,4) x (1,2,4,3) therefore

_ —1 —1 —1
Kq(i:2,(2,1)) = K(1,2,4,3)K(1,3,2,4) = Kél,2,4,3)Kq(1:2,(1:2))7
hence the result. For the particular case
g2(W1,W2) = Qu(wl) ® QIQ(w2)ﬂ

we have

- /
ET3(g,, ©9,,) = /[ (2090, S0 d = g, lgllonll + @120

2
=2! Hsymp (211 ®g12)H<I> .
The basic properties of the stochastic integral of second order for g, € L_?g may now be
summarized as

1. I(g,) is real valued,

2. E IQ(Q2) = 0,
3. IQ(Q2) =1, (syrnp g2(w1,w2)),
4. ET3(g,) = 2!Hg2H2 for g, € L?g,
5. ETi(g,)I2(g,) = 0 for any g € L}g and g, € L?g,
6. if 22,i2 € L_?g, then
EI.(g,)I2(f,)
(— !/
= 2!/ (22(w1,w2) ® sym,, i2(w1,w2)>
[0,1]?
x in(i;Q,(1;2))[§2 (w1) ® S5 (w2)] dw duws

N — I
= 2!/ (symp g, (w1, w2) @ sym, i2(w1,w2))
[0.1]?

X K1y 12y 82 (w1) © Sy (wn)] dwr dws.
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We shall use also the notation
I»(g,) :/[ . g, (w1, wa) W (dwy, dws).
0,1

6.1.1. The multiple Wiener-Ito integral of order n. We proceed with the general case.
Functions of the space Ly are approximated by linear combinations of the products

Hgl )glk( ),Where each 91 € g. The multiple Wiener—It6 integral of order n, is
n) =1k(1:n =lk; =

defined by the equation

K(1:n) ®
In E ak(l:n) Hj:l:n glk}j (w])
k(1:n)=1[n]
K(1:n)
_ oy (20)
- k()
k(:n)=1(n)

o | gl () W (o), / () W(d), .. / ' (@) () ).

where H,, is the Hermite polynomial of order n, and 1}, denotes a row vector having all
ones in its coordinates. In particular, if we put

® ® .
Hj:l:n glkj (wj) - Hj:l:n Qlkj exp{z%r (Z kjwj) }’

J

we get

®
b Iy exp{m <Z kj‘”j) } = H (i, Xiw: €ty Xy - g, X, )
J
® i
= (H Q1k,~) o, (Xk(lm)) :

j=1l:n

The notation

L.(f ) = /[0 l]ni;(wl,w%...,wn)M(dwl,dwg,...,dwn),

n

for the nth order integral will also be used.
Properties are summarized as follows. Let g, € L_g, then

2. EIn(g,) =0,
3. In(gn) =1I, (sym'J gn(w(lm))),
4

L. TI,(g,) is real valued,

. For g, € L%

PE——
E Ii(gn) = n!/[ : [Qn(w(l:”)) ®gn(W(1:n))}
0,1]"
_ ®
X Kq(i:n,(l:n)) Hj:m Sy (wi) dw(i:m),

5. If m # n, then EI,, (g )In(g,)=0forany g € L2, and g, € L_i,
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6. Forg ,h, € L_g

E1,(g,) 10 (L) =n! [

P 4
|:Symp g, (Wn)) ®sym, h, (w(m))}
[071]71.

_ ®
X Ko (1m)) Hj:m Sy (i) dw(i:m)
. I 4
= n'/ [Qn(w(ln)) ® sym, hn(w(ln))}
[071]71.

®
—1
X Kq(l:n,(l:n)) Hj:l:n §2 (wl) dw(l:n)-

6.1.2. Diagram formula. One of the basic rules of manipulating with multiple Wiener—
1t6 integral called Diagram formula. It originates from the product of Hermite polyno-
mials. Take the product of the H; and H,,_;:

ﬁnfl (Xk(l:nfl)) ®an
n—1

=H, (Xk(l:n)) + Z Kpi(i,j)ﬂ(l,Z) (d(ltn)) [Vec(C’kjykn) ®H, (Xk(l:j—l,j+1=n—1))] )

j=1
where

ijan = COV(ij s an) = COV(ij_kn,XO)
because of the stationarity of X;. This may be rewritten by multiple integrals as

n—1 1
/ 92171 exp {i?ﬂ' (Z kzwz) } w (dw(lm_l)) ® / h} exp {i2nk,w} W (dw)
[0 0

’1]n—1 -1

= /[ ] g, | ® D] exp {m (Z kzlwl) }M(dw(lm))
071 n

=1

n—1 1 n—1
+ Z / / [22171 ® hi]exp {i?ﬂ' (Z k:lwl> } exp{—i2nk,w,}
j=1 701"~ Jo =1

X Kp—(i,j)ﬂu,m (d(1:n))[Vec @(dw;) @ Ign—2]

(21)

x W (dwqr:j1), dwgam-1)) -
We introduce a function corresponding to the deterministic integral of the right hand
side in (21). Let h; € L_}g andg | € L%A and define the function g X;hy of (n—2)
variables by

@nfl IZ’j ﬁl] (w(lij—l)aw(j-l—l:n—l))

1 /
= [ [ sComn) TG KL, VeoB(dny) @ ).

Zn—1

It is easy tosee that g Xk € L;ﬁ. The formula for the product I,,_1(g,,)®I1(h)

=n

is now straightforward consequence of (21)

In-1(g, ,) ®Li(ly) = /{0 : 9, (@@n-1) @ hy (wn)] W (dw(in))
n—1
22
+ Z/ [anl X; QJ (W(I:j—1)7w(j+1:n—1)) (22)

X E(dw(hj—m,dw(j+1:n—1))-
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It is seen that the chaotic representation, i.e. Dobrushin’s Theorem for subordinated
functionals Y; of Gaussian stationary vector processes in space £2(X) is valid. If Y; is
stationary as well then it can be described by the representation

Y, = Z /0 e eXp Z?ﬂ't Zw(l n)} ! w(1 n)) w (dw(l;n)) , (23)

where the transfer function g = (20,21,22, g .) € Exp(L3) is essentially unique,

see Major [14] for scalar case.

7. APPENDIX

A. Vec operator, commutation, and partitions.

Let A an m xn and B a p X g matrices the Kronecker or tensor product of A and B is
defined by A ® B = [a;; B]. The Vec operator on a matrix A = [ai;]i=1:m,j=1:n Of m X 1
acts as stacking the columns of the matrix one underneath the other therefore Vec A is
an mn dimensional vector. If A, B, and C are matrices such that the product ABC is
defined then

Vec(ABC) = (C' @ A) Vec(B). (24)

The Kronecker product ® has the advantage of having possibility of commuting of
the factors by the help of some linear operator called commutation matrix, see [13] for
details. We shall use it mostly in particular case of vectors. Start with a matrix A of
m X n, the vector Vec A’ is a permutation of the vector Vec A therefore there exists a
particular permutation matrix K,,., of order mn x mn, called commutation matriz, and
K,,.,, is defined by the equation

Ky Vec A = Vec A'.
In that case if @ is m x 1 and b is n x 1 then K,,,(b® a) = a ® b, also
Vec(A® B) = (I, ® Kg.rm ® I) Vec A ® Vec B. (25)

The commutation matrix is orthogonal K7, , = K,! = K.
Now consider a set of vectors (ai, az, ..., ay) with dimensions d(1.,) = (di,d>, ..., dy)
respectively. Define the matrix

® ®
Kj+1(—>j (d(ln)) = Hiil:j—l Id,, ® de+1~dj ® Hi:j+2:n Id,,a
means the Kronecker product of the matrices indexed by

(1:5)=(1,2,....5).

where J[2

i=1:7

Clearly

®
Kjiojdam) [T ai

1=1:n

®
= Hz 145 Id az (de+1'dj (a]’ ® aj+1)) ® Hi:j+2:n(Idiai)

®
= ai®aj ®a; @[] a;.
Hi:l:jfl ' g+t J i=j+2n

Therefore one is able to transpose (to change the order of) the elements a; and a;;q

in a Kronecker product of vectors by the help of the matrix K ;i1(d(1.n)). In general
K (damy) = Kj_<—1>j+1 (d(1:n)) but Kjy15 # Kj 41 because of the dimensions d;1
and d; are not necessarily equal, if they are, then

— — !
Kjpioj = Kjej = K =Kj 1

J‘—>J+1
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We remind that 3, denotes the set of all permutations of the numbers

(1:n)=(1,2,...,n),

ifp € B, then p(1 : n) (p(1),p(2),...,p(n)). From this follows that for each permutation
p(1:n)=(p(1),p(2),...,p(n)), p € ‘Iin, there exists a matrix Kjp(1.n)(d(1:n)) such that
® ®
Kp(1:n)(d(1:m)) Hi:l:n a; = Hi:l:n api), (26)

just because any permutation p(1 : n) can be get by the product of transpositions of
neighbor elements. According to the inverse of the permutation p(l : n) there exists
the inverse Kp_dm) (d(1:ny) of Ky1:n)(d(1:n)) as well. Note that the entries of d;.y,) are
not necessary equals, they are the dimensions of the vectors a;, i = 1,2,...,n, by the
original order what is fixed. In particular transposing two elements only, j and k, in the
product will be denoted by Ky, _, (d(1:n)). The permutation when the element j is put
in the place k is p; ., and the corresponding operator is Kp, . It will not be confusing
to use both notations K and K, , for the same operators.

A.1. Ordered partitions. Put P, for the set of all partitions K of the numbers (1 : n).
If £ = {b1,bs,...,b,} where each block b; C (1 : n) then |K| = m denotes the size
of K. We define the following relation among the blocks b; € IC, b; < by, if

o2ty ot (27)

leb, leby,

Actually equality in (27) is possible if and only if j = k. The partition K will be
considered as ordered if both, the elements of a block are ordered inside the block, and
the blocks are ordered by the relation b; < by also. We suppose that all partitions X of
P, are ordered. Denote A(1:ar) = [A;, Ay, ..., Ay] With dimensions [d,ds, ..., dy]. In
that case the differential operator Di‘)bl (see bellow) is well defined because the vector
Ab = [}, j € b] denotes an ordered subset of vectors [A;, Ay, ..., Ay] corresponding the
ordering in b.

The ordered partition K defines a permutation p(K) € B,, which is the listing all the
numbers of (1: n) by ordering the blocks and numbers inside the blocs.

B. The operator D?ﬁ .

Suppose that A € R, and the function ¢(A) = (¢1(A), ¢2(Q), ..., dm(A)) is vector
valued and differentiable k£ times. The Jacobian is denoted by

o9 _(9 9o 0
OXN T \ON T ONTTTT ONg

and the operator Df defined as follows

oo\’
&
D ¢ = Vec(a)\) ,

formally DS’ is the following Kronecker product

a 0 a)’

DEg = (¢1(A)7¢2(A),---,qﬁm(A))'@(a—Ma—Mm,a—M

Applying the operator Df\@k to ¢ means

D$F¢ = DR (DFF"¢) = (¢1(), 62 (Q); -, om(A) @ (— A AT
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and the result is a column vector of order md*, (might be called K-derivative), containing
all the possible partial derivatives of entries of ¢ according to the Kronecker product

o 0 o \'®*
<8—>\17a—>\2,...,a—>\d) .

We proceed with some properties of the operator Df?. Put 9(A) = Ad(A), where A is
n X m, then if one use the preceding definition obtains

DYy = (A® 1) DS ¢,

where I; is the unite matrix with dimension d. Moreover

DYG(AN) = (I & A') DEo(p)

p=AX

In particular, if m = 1, i.e., ¢ is scalar then

DYp(AN) = A’ Df(ﬁ(ﬁ)‘u:m'

Another property of DY is that if A € R, ¢, € R™, k=1,2,..., M, then

M ®
®H(1 M)+ ZKPMﬂ (m1:ar, d) {H(le) 4, ® [D®¢ } ®H jA1:M) = }

Jj=1
An interesting case is obtaining the following
DFFL RN = jl 2%, (28)

where z is a vector of dimension d. The reason of (28) is that the Kronecker product
2'®F is invariant under permutation of its component vectors z, i.e.,

§l®lKj+1—>l(d[l]) — /%

for any [ and j.
We define the operator D?(’I’m) recursively, more precisely put A(1.n) = [A;, Ay, ..., A ]
with dimensions [dy, ds, ... ,d,], and

A
0
D®<p Vec( 8)()’ peRY

finally

® ® ®n—1
D)\(Tll )(,0 D (DA(?:W,71)£)7

is column vector of the partial differential operator of order n and first order by each
variable A;. The dimension of D?? " is dll"] = H?:ldj, where 17, denotes a row
vector having all ones in its coordinates, i.e., 1j,) = (1,1,...,1) with dimension n. For a
permutation p of (1 :n) we have

©=D" o

(Id (%9 Kp_dn) (d(ln))) D?n Aty 2

p(lin)—
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